
The matrix of the operator. Calculation of their 
Eigenvalues and eigenvectors. Bringing a quadratic 

form to the canonical form



P.S.: Linear operators Example 2

• In the basis e1, e2, the operator (transformation) !" has the matrix 
" = 17 6

6 8
. Find the matrix of the operator !" in the basis )!∗ =

)! − 2)# ,-. )#
∗ = 2)! + )#. 



Solution

• 0 = 1 2
−2 1

⇒ 0$! = !
%
1 −2
2 1

• "∗ = !
%
1 −2
2 1

17 6
6 8

1 2
−2 1

⇒ 5 0
0 20



Eigenvectors and eigenvalues of a linear 
operator
• Definition. A vector 4 ≠ 0 is called an eigenvector of a linear operator 
!" if there is a number 6 such that

• The number 6 is called the eigenvalue of the operator !" (matrix A) 
corresponding to the vector x.



Example

• Find the eigenvalues and eigenvectors of the linear operator !" given 
by the matrix



Solution

• ! − #$ = 1 − # 4
9 1 − # = 0

• #! − 2# − 35 = 0 =>

• => - = (−2)!−4 ∗ 1 ∗ −35 = 144 => 1",! = $($!)± "((
!∗" = −5 234 7

• => 661" + 41! = 0
91" + 61! = 0 ⇒ −31"= 21! ⇒ 1! = −1,51"

• Putting 1" = ;, we get that the vectors 1(") = ;;−1,5; for any ; ≠ 0 are 
eigenvectors of the linear operator >! with eigenvalue # = −5.



Solution

• Similarly, one can verify that the vectors 4(#) = #
( 7!; 7! for any 7! ≠

0 are eigenvectors of the linear operator !" with eigenvalue 6# = 7. 



Example

• Bring the matrix                   of the linear operator !" to a diagonal form.



Solution

• In previous example we found that 6! = −5 ,-. 6# = 7

• 4(!) = 7;−1,57 and 4(#) = #
( 7!; 7! for any c ≠ 0 and 7! ≠ 0

(c=2, 7! = 6)
• 4(!) = 2;−3 ,-. 4(#) = (4; 6)

• Matrix "∗ = 6! 0
0 6#

⇒ "∗ = −5 0
0 7



Solution

• 0 = 4()) ⇒ 2 4
−3 6

⇒

• "∗ = 2 4
−3 6

$! 1 4
9 1

2 4
−3 6

⇒
!
#*

6 −4
3 2

−10 28
15 42

=

• !
#*

−60 − 60 168 − 168
−30 + 30 84 + 84

= !
#*

−120 0
0 168

= −5 0
0 7



Quadratic forms

• Definition. The quadratic form of @ = (4!, 4#, … 4)) in n variables is 
the sum, each term of which is either the square of one of the 
variables, or the product of two different variables, taken with some 
coefficient:



Example

• Given a quadratic form @ = 4!, 4#, 4( = 44!
# − 124!4# − 104!4( +

4#
# − 34(

#. Write it down in matrix form. 



Solution

• @ = 4!, 4#, 4(
4 −6 −5
−6 1 0
−5 0 −3

4!
4#
4(



Example

• Given a quadratic form @ = 4!, 4# = 24!
# + 44!4# − 34#

#. Find a 
quadratic form @ = B!, B# obtained from the given by a linear 
transformation 4! = 2B! − 3B# ,-. 4# = B! + B#.



Solution

• " = 2 2
2 −3

• 0 = 2 −3
1 1

• @ B!, B# = 13B!
# − 34B!B# + 3B#

#



Example

• Prove that the quadratic form @ = 4!, 4# = 134!
# − 64!4# + 54#

# is 
positive definite. 



Solution 1

Since the roots of the characteristic equation of the matrix A 
are positive, then, on the basis of the above theorem, the 
quadratic form L is positive definite.



Solution 2

• Since the principal minors of the matrix A are positive, then, 
according to the Sylvester criterion, this quadratic form L is positive 
definite.



Example

• Given vectors , = CD + E- ,-. F = GD + H-,Iℎ)K) D =
L; - = M; ND, - = O. Find 
a) 6, + QF R, + SF
b) прь 6, + SF
c) cos(Y,, SF)



Solution

• , = −5D − 4-
• F = 3D + 6-
• D = 3;
• - = 5;

• ND,- = O ⇒ ZD [- 7\] %,( = 3 ∗ 5 ∗ !
# = !%

# .



Solution a

• #2 + ?@ A2 + B@ ⇒ −22 + "
* @ 2 + 2@ = −22! − 42@ + "

*2@ +!
* @

! = −22! − ""
* 2@ +

!
* @

!

• −2 −5C − 43 ! − ""
* −5C − 43 3C + 63 + !

* 3C + 63 ! =
− 2 25C! + 40C3 + 163! − ""

* −15C! − 42C3 − 243! +
!
* 9C! + 36C3 + 363! ⇒ −50C! − 80C3 − 323! + 55C! +
154C3 + 883! + 6C! + 24C3 + 243! = 11C! + 98C3 + 803! = 11 ∗
(3)! + 98 ∗ "+! + 80 ∗ (5)

! = 99 + 735 + 2000 = 2834



Solution b

• прь #2 + B@ ⇒ ; = −22 + 2@ ⇒ −2 −5C − 43 + 2 3C + 63 ⇒
10C + 83 + 6C + 123 ⇒ 16C + 203

• ; ∗ @ = 16C + 203 3C + 63 = 48C! + 156C3 + 1203! ⇒ 432 +
1170 + 3000 = 4602
• @ = @! = 3C + 63 ! = 9C! + 36C3 + 363! ⇒

81 + 270 + 900 = 1251
• прь −22 + 2@ = 4602/ 1251



Solution c

• cos $%, '( ⇒ cos −5, − 4. , 2 3, + 6.

• 3 = −5, − 4. %.3 5 = 2 3, + 6.
• 3 ∗ 5 = −30,! − 54,. − 24.! ⇒ −270 − 405 − 600 = −1275
• 3 = −5, − 4. ! = 25,! + 40,. + 16.! ⇒ 225 + 300 + 400 = 925
• 5 = (6, + 12.)! = 36,! + 144,. + 144.! = 324 + 1080 + 3600 = 5004
• cos −5, − 4. , 2 3, + 6. = "#!$%

&!%∗ %(() ≈ −0,58


