The matrix of the operator. Calculation of their
Eigenvalues and eigenvectors. Bringing a quadratic
form to the canonical form



P.S.: Linear operators Example 2

* In the basis e1, e2, the operator (transformation) A has the matrix

A= ‘167 {63‘ . Find the matrix of the operator 4 in the basis e; =
e, — 2e, and e, = 2e; + e,.



Solution

=10, f\zC”%E _12‘ A=C-TAC

'A*:ﬂ% _12H167 gH—lz ﬂ:)g 200‘



Eigenvectors and eigenvalues of a linear
operator

* Definition. A vector x # 0 is called an eigenvector of a linear operator
A if there is a number A such that

A(x)=Ax.

* The number 1 is called the eigenvalue of the operator A (matrix A)
corresponding to the vector x.

a —A a2 a,
a Ary ~ A a
lA_}"Elz 21 22 2n 0.
a an Qun —A




Example

* Find the eigenvalues and eigenvectors of the linear operator A given
by the matrix



Solution

1-1 4 |_
|A_’1E|_‘ 1—/1“0
+ )2 —21—35=0=>
e =>D = (-2)?—4 %1+ (-35) = 144 =>x,; = ———2-"" = —5and 7
X 6 4 0
a-wp(1)-0 (5 6)2)-(5)
[6xitdx=0_ . o
{9_’)6'1 n 6x2 _ O 3X1— 2x2 = Xy = 1,5x1

* Putting x; = ¢, we get that the vectors xM = (¢; —1,5¢) for any ¢ # 0 are
eigenvectors of the linear operator A with eigenvalue A = —5.



Solution

. : 2
* Similarly, one can verify that the vectors x(?) = (§ C1; cl) forany ¢, #
0 are eigenvectors of the linear operator A with eigenvalue 1, = 7.



Example

: : 1 4 : ~ :
* Bring the matrix A=(9 1)- of the linear operator A to a diagonal form.



Solution

* In previous example we found that A; = =5and 1, = 7

e x(D = (¢; —1,5¢) and x(®) = (§C1i cl) foranyc# 0andc; #0
(c=2,c, = 6)
e x(M) = (2; =3)and x& = (4;6)

A, 0

e Matrix A™ = 0 A,

=1 =[5




Solution

.C:x(n):)‘z 4‘:) A*=C-14C

=% A G dewl S Bl

—60—60 168 —168| _ ‘—120

~30+30 84+84 168| B ‘_0 7‘



Quadratic forms

* Definition. The quadratic form of L = (x4, X, ... X;;) in n variables is
the sum, each term of which is either the square of one of the
variables, or the product of two different variables, taken with some
coefficient:

n
L(x;, X35 ..y X, ) = 2 D a;x;x;
i=1 j=I

L=XA4X,
A" =C'AC.



Example

e Given a quadratic form L = (x4, x5, x3) = 4x% — 12xyx, — 10x,x3 +
x% — 3x5. Write it down in matrix form.



Solution

* L = (Xl,xz,X3)

4
—6
—5

—6
1
0

-5
0
—3




Example

e Given a quadratic form L = (x4, x, ) = 2x? + 4x,x, — 3x5. Find a
quadratic form L = (y4, y, ) obtained from the given by a linear
transformation x; = 2y, — 3y, and x, = y; + y,.



Solution

2 2
A=1 3
12 -3
C= 1

(203 23 25 )

* L(y1,y2) = 13y{ — 34y,y, + 3y3



Example

* Prove that the quadratic form L = (x4, x, ) = 13x% — 6x,x, + 5x% is
positive definite.



Solution 1

(13 -3

(3

182, =3
3 Fei

|A-xE|=I ‘wm A2 —18L+56 =0.

A’I=]4’ 12=4.

Since the roots of the characteristic equation of the matrix A
are positive, then, on the basis of the above theorem, the
guadratic form L is positive definite.



Solution 2

* Since the principal minors of the matrix A are positive, then,
according to the Sylvester criterion, this quadratic form L is positive
definite.

| =13, Ay ap| |33

a“ a|2 =‘|3 —3|




Example

* Given vectorsa = am + fnand b = ym + én,where |m| =
k; |n| =1;(m,n) = @. Find

a) (Aa + ub)(va + tb)
b) np,.(Ada + tb)

c¢) cos(a,th)

ll.a=-5 B=-4 =3, 6 =6, k=3, | =5,
p=5m/3, A=-2, p=1/3, v=1, 7=2. (Omsem: a) 2834.)



Solution

*a=—-5m-—4n
*b=3m+ 6n
* |m| = 3;

* |n| =5;

T 1) = 7|7 T n_5H
°(m,n)—<p=>|m||n|6053—3*5*(2)—2.



Solution a

* (Aa + ub)(va + tb) = (—Za + %b) (a + 2b) = —2a? — 4ab +§ab +

2p2 = —2q2 — L gp + 2p2
3 3 3

+ —2(=5m — 4n)2 — = (=5m — 4n)(3m + 6n) + = (3m + 6n)? =
— 2(25m? + 40mn + 16n2) — = (—15m? — 42mn — 24n?) +
2 (9m? + 36mn + 36n?) = —50m? — 80#M — 32n’ + 55m +

1545771 + 88n? + 6m?2 + 24%A + 24n% = 11m? + 98mn + 80n? = 11 «

(3)? + 98 * 12—5 + 80 * (5)2 = 99 + 735 + 2000 = 2834



Solution b

e np,(la + 1) > c = (—2a + 2b) = -2(-5m —4n) + 2(3m + 6n) =
10m+8n+6m+12n= 16m + 20n

- c_c-b
PpC = Ib"

e cxb=(16m+ 20n)(3m + 6n) = 48m? + 156mn + 120n? = 432 +
1170 + 3000 = 4602

* |b| = Vb2 = /(3m + 6n)2 = VImM? + 36mn + 36n2 =
V81 + 270 + 900 = /1251

e nmp,(—2a + 2b) = 4602/V1251




Solution ¢

> cos(a,7h) = cos((—5m — 4n),2(3m + 6n))

— d-e
cos(d,e) = dlel’

ed=(-5m—4n)and e = 2(3m + 6n)

e d xe =—30m? — 54mn — 24n® = —270 — 405 — 600 = —1275

e |d| = /(=5m — 4n)2 = v/25m? + 40mn + 16n? = /225 + 300 + 400 = /925

e le| = /(6m + 12n)2 = V36m?2 + 144mn + 144n? = /324 + 1080 + 3600 = V5004

. cos((—Sm —4n),2(3m + 6n)) = \/92_52/755004 ~ —0,58




